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Introduction

IN the collapse design of oil well casing, the casing is always
modeled as having infinite length. Inasmuch as the

length/diameter ratio of a typical field joint will vary from 18
to 80, this assumption is reasonable. However, the ex-
perimental fixtures from which full-scale collapse data is
obtained in steel mills will only accommodate samples having
length/diameter ratios in the range of 2-8. The question
therefore arises as to by what means experimental results on
cylinders of finite length may be translated into design values
for longer cylinders. In a recent empirical study of collapse
without axial load, Clinedinst1 has concluded that a
length/diameter ratio of 8 is sufficient for the casing to be
considered infinite. However, this conclusion is based entirely
on 1) analysis of short samples (the largest length/diameter
ratio reported was 6:1), and 2) no end constraints. There is
currently no method of relating full-scale tests with axial load
and clamped end conditions to the behavior of a joint of
infinite length. The aim of this analysis is to present specific
guidelines by which one can account for the length of the
specimen and thereby predict the length/diameter ratio
beyond which the effect of the boundary region at the edge of
the casing becomes inconsequential.

Analysis
Consider a circular cylindrical shell of length L, mean

radius R, and thickness h. The shell is subjected to an axial
tensile stress / and an external hydrostatic pressure P on the
curved surface measured per unit area of the midsurface. We
now introduce the following dimensionless quantities:

PR

2R' ,= -Z (D

where oe is the effective stress and E the elastic modulus of the
material.

Our analysis is based on Sanders' nonlinear shell
equations.2 The rotations about the normal to the midsurface
are neglected. The strain components at any point in the shell
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are related to the membrane strains and curvatures of the
midsurface by relations given by Novozhilov.3 We shall
consider only small strains. The material is considered to be
elastic-plastic. Both the J2-incremental theory and the J2-
deformation theory are employed in the formulation. The
material constants used in the constitutive relations are
derived from the conversion of the relation of the effective
stress and the effective strain which is determined from a
uniaxial tension test, or an appropriate model of uniaxial
stress-strain behavior such as Needleman's curve.4 The
membrane forces and moments are related to the stresses in
the shell by integrations through the shell thickness. Since the
deformation is symmetric with respect to the midlength, only
half of the shell need be considered. All boundary conditions
are derived based on Sanders' consistent theory.2 At the ends
of the shell we consider the shell to be clamped.

Prior to buckling the deformation of the shell is axisym-
metric. In this case, all physical and geometric quantities are
independent of the polar angle. The governing differential
equations and boundary conditions for the prebuckling
deformation can be derived easily. The calculation of the
prebuckling deformation is based on a finite difference
scheme with an iterative procedure, i.e., in each incremental
step a condition of either loading or unloading is assumed.
Two types of loading are considered: proportional loading
and constant axial loading. In the latter case, the value of re is
checked at each step. When re exceeds a critical value (re)c,
the shell collapses due to exceeding the ultimate strength
rather than bifurcation.

In the plastic buckling analysis, the additional physical and
geometric quantities introduced by buckling are expressed as
sinusoidal functions of the polar angle and the wave number n
in the transverse direction. Since our interest lies in finding the
critical condition for buckling, second-order terms are
neglected. An eigenvalue problem can be formulated. The
critical condition for buckling is determined by the charac-
teristic equation of the eigenvalue problem. The value of n
corresponding to the lowest load at which buckling occurs will
determine the shape of the buckling mode. The details of the
analysis are given in Ref. 5.

Numerical Results and Discussion
As pointed out in the introduction, the practical impetus for

this study was to obtain a relation between the collapse
behavior of short tubes and the collapse behavior of tubes
that are essentially infinite in length. However, prior to in-
vestigating the effect of length/diameter ratio on collapse
behavior, it is instructive to begin with a comparison of the
two plasticity theories carried throughout the development.
Figure 1 is a plot of predicted dimensionless collapse
resistance as a function of axial tension for a cylinder with
fixed ends. The collapse predictions are compared to data
from Edwards and Miller6 on small tubes with dimensions
X = 0.1227, d=16.54, and a uniaxial stress-strain curve (r-e
curve) that may be fit with Needleman's model

e/ey for e<ey
[m(e/ey)+l-m]1/m for e>ev

(2)

using ry = 1.679x 10~3 and w = 5.0, where ry is the dimen-
sionless proportional limit normalized with respect to the
modulus of elasticity and ey is the corresponding strain.
Poisson's ratio of the material is considered to be 0.3. The
two curves in the figure are labeled by a pair of letters in-
dicating the particular plasticity theory used in analyzing
1) the prebuckled configuration and 2) bifurcation from the
fundamental state. For example, the designation I-D indicates
that the incremental theory of plasticity (I) was used to
determine the prebuckled configuration and the deformation
theory of plasticity (D) was used in the buckling analysis.
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Fig. 1 Comparison of collapse predictions with different plasticity
theories (fixed ends).
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Fig. 2 Effects of length: diameter ratio on plastic collapse (fixed

The most significant conclusion to be reached from Fig. 1 is
that buckling predictions using the incremental theory are
unreasonable in that this theory indicates an increase in
collapse resistance with increasing axial tension. This
anomalous behavior of the incremental theory in predicting
plastic buckling loads might have been anticipated in view of
earlier results from similar investigations.7 Notice fur-
thermore from the figure that the choice of plasticity theory
for the prebuckling analysis has negligible effect on the

predicted collapse load. Finally, it can be seen that the
collapse behavior predicted by the deformation theory is
capable of reproducing the experimental data with an ac-
ceptable degree of accuracy. In view of these conclusions, the
deformation theory will be used for the bifurcation analysis
throughout the remainder of this discussion.

Returning now to the question of length/diameter ratio,
consider Fig. 2 which illustrates typical collapse results for the
case of fixed ends and a loading path where/>0, p = 0 up to a
prescribed value of /, followed by p>0, /=0 to failure.
Plotted in the figure is predicted (dimensionless) collapse
pressure as a function of length/diameter ratio with and
without axial tension. The inset in the figure indicates nor-
malized normal displacement with respect to the shell
thickness, w, just prior to buckling for the case d=8, /=0,
and gives an indication of the extent of the boundary effect
for fixed ends. With the exception of very low values of
d(^3), and depending on the axial load, all collapses oc-
curred with n = 2. The tube material has the same uniaxial
stress-strain behavior as that described in the previous
paragraph.

Also included in Fig. 2 are arrows indicating the theoretical
collapse pressure for an infinite length cylinder calculated
from a previous study.8 Review of this figure indicates that as
the length/diameter ratio is increased, the collapse resistance
of the tube decreases and approaches a constant value
asymptotically. At d- 8, the collapse resistance in the absence
of axial load is within 4% of this constant value. At d=2Q,
the discrepancy is negligible. Notice further that the presence
of axial tension has little effect on the values of these
discrepancies.

References
^linedinst, W. O., "Analysis of API Collapse Test Data and

Development of New Collapse Resistance Formulas," presented to
API Task Group on Performance Properties, Oct. 1977.

2Sanders, J. L. Jr., "Nonlinear Theories for Thin Shells,"
Quarterly of Applied Mat hematics, Vol. 21, No. 1, 1963, pp. 21-36.

3Novozhilov, V. V., The Theory of Thin Shells, P. Noordhoff
Ltd., Groningen, The Netherlands, 1964.

4Needleman, A., "Post-Bifurcation Behavior and Imperfection
Sensitivity of Elastic-Plastic Circular Plates," International Journal
of Mechanical Sciences, Vol. 17, No. 1, 1975, pp. 1-13.

5Huang, N. C. and Pattillo, P. D., "Collapse of Oil Well Casing,
Part II," Report F81-P-25, Project 265-65-1(4), Amoco Production
Company, Research Department, Tulsa, Okla., July 17,1981.

6Edwards, S. H. and Miller, C. P., "Discussion on the Effect of
Combined Longitudinal Loading and External Pressure on the
Strength of Oil Well Casing," Drilling and Production Practice 1939,
API, 1940, pp. 483-502.

7Hutchinson, J. W., "Plastic Buckling," Advances in Applied
Mechanics, Vol. 14, 1974, pp. 67-144.

8Huang, N. C. and Pattillo, P. D., "Collapse of Oil Well Casing,"
Journal of Pressure Vessel Technology, Transactions ofASME, Vol.
104, Feb. 1982, pp. 36-41.


